We construct the four-point correlation functions containing the top component of the supermultiplet in the Neveu-Schwarz sector of the N=1 SUSY Liouville field theory. The construction is based on the recursive representation for the NS conformal blocks. We test our results in the case where one of the fields is degenerate with a singular vector on the level 3/2. In this case, the correlation function satisfies a third-order ordinary differential equation, which we derive. We numerically verify the crossing symmetry relations for the constructed correlation functions in the nondegenerate case.
Introduction
The N=1 supersymmetric extension of the Liouville field theory (SLFT) [1] plays an important role in a world-sheet description of the noncritical fermionic string theory. It has at least two remarkable properties. First, it is one of the simplest supersymmetric conformal field theories (CFT); hence, investigating it might be useful for possible more complicated generalizations. Second, it, in addition to the bosonic Liouville theory, is another example of a "noncompact" CFT, having a continuous spectrum; this is a rather new object in the area of integrable models, worth investigating in its own right. One of the main problems in any quantum field theory is calculating correlation functions. Recent results obtained in [2] open the way for constructing the basic four-point correlation functions in the NS sector of the SLFT. But there are still a few subtleties in realizing this program. One is to classify the main correlation functions clearly in terms of the basic superconformal block functions. Another concerns the problem of finding the so-called elliptic uniformizing representation for the four-point superconformal block functions. In this paper, we partially tackle these problems.
We briefly recall the main features of the SLFT (see, e.g., [3] [4] [5] [6] [7] for more details). Local properties of the SLFT are encoded in the Lagrangian density The symmetry is generated by the holomorphic and antiholomorphic components of the supercurrent S and the stress tensor T . In terms of the Laurent components of S and T , the algebra takes the conventional form of the Neveu-Schwarz-Ramond [8, 9] algebra SV ir:
[L n ; L m ] = (n − m)L n+m +ĉ 8 (n 3 − n)δ n;−m , {G r ; G s } = 2L r+s +ĉ 2 r 2 − 1 4
2) where r, s ∈ Z + 1 2 for the NS sector, r, s ∈ Z for the R sector.
The central charge of the superconformal algebra is related to the parameter b in (1.1) via the "background charge" Q,ĉ
Local fields in the SLFT belong to highest-weight representations of SV ir⊗SV ir algebra. Each representation, a so-called Verma module, consists of a primary field V a with the conformal dimension ∆ = a(Q−a)/2 (we sometimes use another convenient parameterization of the conformal dimension ∆ = Q 2 /8 − λ 2 /2) and all its superconformal descendants. In this paper, we consider only the spinless primary fields with∆ = ∆. The general form of the descendant operator is 4) where k denotes {k i , r j }, which is an ordered set of positive integers and half-integers correspondingly. The relation i k i + j r j = N fixes the particular level in the Verma module. It is useful to introduce a special notation for the other components of the primary supermultiplet:
(1.5)
The space of fields in the SLFT forms an operator algebra closed under the operator product expansion (OPE), which is continuous and involves integration over the internal conformal dimension. The basic OPE is that of two primary fields (for the sake of brevity below, we set ∆ = ∆ Q/2+iP and ∆ i = ∆ a i ):
The integration contour is basically along the real axis but should sometimes be deformed (see [10] ) under analytic continuation in the parameters a 1 and a 2 . In (1.6), the "chains" [V Q/2+iP ] ee and [V Q/2+iP ] oo denote the respective contributions of integer and half-integer descendents (the second subscript denotes the antiholomorphic part; see Sec. 4). These contributions are unambiguously defined by the superconformal invariance, but unlike the standard conformal symmetry, the integer and half-integer descendents here enter independently. Hence, we obtain two different structure constants C . All other OPEs of two arbitrary local fields can be derived from (1.6). In particular,
We note that the structure constants are the same in both OPE (1.6) and (1.7).
In this paper, we deal with the NS sector, which is closed under the OPE. In the NS sector, the field V m,n with m and n being either both even or both odd positive integers corresponds to the "degenerate" primary field with the conformal dimension ∆ = ∆(λ m,n ),
The "degenerate" primary field V m,n has a singular vector at the level N = mn/2 [11] . We introduce a "singular-vector creation operator" D m,n [12] such that the singular vector appears when D m,n is applied to V m,n . The normalization is fixed by taking the coefficient of the leading term to be unity, D m,n = G m,n −1/2 + . . . . The first nontrivial null vector in the NS sector occurs on the level N = 3/2:
This paper is organized as follows. In Secs. 2 and 3, we consider the four-point correlation functions in terms of the NS superconformal blocks and analyze the special case where one field is the degenerate field W −b . We derive the corresponding differential equation, which becomes an important tool in investigating the four-point correlation function in the subsequent sections. In Sec. 4, we recapitulate the so-called recursive "c-representation" and use it to construct the four-point correlation function W V V V . In Sec. 5, we suggest an elliptic representation for the correlation function under consideration, making an additional assumption about the asymptotic behavior of the superconformal blocks considered as functions of the internal conformal dimension, and numerically verify the crossing symmetry for the constructed four-point correlation function. The last section contains a brief summary and some discussion.
Four-point correlation function and conformal blocks
For our purposes, it makes sense to use the superfield formalism. Then the four components of the supermultiplet can be joint in the primary superfield
In the supersymmetric case, in addition to the standard anharmonic ratio z for the four-point correlation functions, there are two more independent superprojective invariants that should be taken into account [3] . We let τ 1 and τ 2 denote them. The solution of the superprojective constraints or, equivalently, the transformation law for the primary superfields under superprojective transformations leads to the general form of the the four-point correlation function
where z i = {x i , θ i } is the holomorphic superspace coordinate and z ij = x i − x j + θ i θ j . Here, the reduced four-point function G depends only on superprojective invariants. Our choice of the superprojective invariants is
where the "odd" three-point superprojective invariant is
For considering the correlation functions of the spinless fields, it suffices to introduce four auxiliary functions G 0 , G 1 , G 2 , and G 3 :
For the given choice of the superprojective invariants, the functions G i are uniquely related to the basic four-point correlation functions of the components of primary supermultiplets. Our main focus in this paper is the four-point correlation function involving one "top" component W of a primary supermultiplet, while the others are "bottom." For our choice of the superprojective invariants,
It can be evaluated via the integral representation based on OPEs (1.6) and (1.7),
where F e,o are the corresponding four-point superconformal blocks with the intermediate dimension ∆ = Q 2 /4 + P 2 (the hat over a 1 highlights that the field is the "top" component of the supermultiplet). These functions were initially introduced in [14] . In Secs. 4 and 5, we present some details and explicit constructions concerning this object. The basic NS structure constants in (2.6) were evaluated in [7, 15] and were recently rederived without referring to the Ramond sector [2] :
,
where a here denotes a 1 + a 2 + a 3 and we use the convenient notation in [13] for the special functions
which can be reduced to two systems of ordinary differential equations for the holomorphic functions g 0 , g 1 , g 2 , and g 3 , which are just the conformal blocks contributing to the functions G i introduced in (2.4), with the changes of the arguments described above. For example,
The first system of equations is for g 0 and g 3 ,
The second is for g 1 and g 2 ,
which leads to a third-order linear differential equation for g 2 ,
Three independent solutions for g 2 with a diagonal monodromy near x = 0 are just the schannel conformal blocks corresponding to G 2 . Using the definitions of the conformal blocks (see (4.2) below) to compare the exponents for x → 0, we find 6) corresponding to the overall normalization
The first terms in the series expansion can be easily found by substituting these expansions in differential equation (3.5) and solving the recursive relations for the coefficients order by order. For example, for the solution g
2 and g (+)
2 , we have
These expressions coincide with the corresponding terms (4.29)-(4.33) of the conformal block series expansions calculated for the same parameter choices and thus confirm the recursive relations for the conformal blocks discussed in the next sections.
To conclude this section, we analyze the solutions of differential equation (3.5) and their monodromy properties. We show that these properties lead to functional relations for the structure constants that are consistent with (2.7). The decoupling equation restricts OPEs (1.6) and (1.7) to the "discrete" form (cf. (3.6)) 13) where the special structure constants are
.
(3.14)
These expressions can be found (see, e.g., [2] ) directly from SLFT Lagrangian (1.1) by using perturbative calculations with the screening operator, similar to that developed in [17] . With general expression (2.6) and OPE (3.13) taken into account, the correlation function G 2 is combined as
On the other hand, substituting
converts (3.5) to the form
It turns out that this differential equation (as well as the one recently considered for the correlation function g 0 [2] ) is of a special type [17] and can be solved in terms of two-fold contour integrals of the form
For ansatz (3.18) to be the solution of differential equation (3.17) , the exponents A, B, C, and g must satisfy the system of constraints 19) which coincides with the one that appeared in [2] but with different values of K i , L i , and M i . This system is overdetermined for an arbitrary choice of K i , L i , and M i . But it can be solved in our case and yields the following expressions for A, B, C, and g in terms of the basic parameters a 1 , a 2 , a 3 , and b:
(3.20)
Hence, the analogous consideration in [2] is also applicable in this case. In particular, the single-valued solution of Eq. (3.5) (and of the same equation with respect tox) can be constructed as
Here, I i (x) are the three independent solutions with a diagonal monodromy around x = 0 22) where the dots denote a regular series in x and
(3.23) The function g 2 (x,x) coincides with correlation function (3.15) up to overall normalization. It was established in [18] that
(3.24)
Comparing expressions (3.15) and (3.21) (with the normalization of the conformal blocks encoded in (1.6) and (1.7) and resulting in (3.7) taken into account) results in the relations for the structure functions
25)
)γ(
Similarly,
It can be verified directly that structure constants (2.7) satisfy functional relations (3.26) and (3.28).
Analytic properties of the conformal blocks and theĉ-recursion
Taking the superprojective invariance into account, we can see that there are only four independent spinless four-point correlation functions (see (2.4)). The other twelve spinless correlation functions are related to these four by superprojective transformations. We take the correlators V V V V , W V V V , V V W V , and W V W V as our basis four-point functions. The correlation function V V V V of the "bottom" components of the supermultiplet was considered recently (see [19, 20] for the details). In this paper, we are interested in the correlation function W V V V . The idea for evaluating the conformal blocks contributing to (2.6) is similar to that in the previous case. The necessery s-channel superconformal blocks are defined via the expansions
where the "chain" vectors |N and | N are the respective Nth-level descendent contributions of the intermediate state with the conformal dimension ∆ appearing in OPEs (1.6) and (1.7) for V (x)V (0) and W (x)V (0),
Here, we suppress the dependence of the chain operators on the external dimensions. We introduce the operators C(N, ∆) creating the chain vector |N = C(N, ∆)V ∆ and the similar operator C(N, ∆) for the chain vector | N . The vectors |N and | N are completely determined by the superconformal symmetry leading to the following relations for the vectors of the chain that grows from the vacuum vector V ∆ :
We note that the conformal blocks contributing to the other two basis correlation functions are also expressed in terms of the chain vectors |N and | N . Namely, the superconformal blocks have the forms
for the correlation function V V W V and
for the correlation function W V W V . Below, instead of speaking in terms of the chain vectors |N and | N , we use the chain operators [2] defined as
where
The consideration in terms of chain operators (4.9) allows presenting the results more transparently. The analytic properties of the chain operators were discussed previously [2, 19] .
Here, we present only the main results to make the material more independent. It follows from the properties of Eqs. (4.4) that starting from the level mn/2, the chain operators have simple poles at ∆ = ∆ m,n , and the residues at these poles are proportional to the new chain C(∆ m,−n , x)D m,n V m,n or C(∆ m,−n , x)D m,n V m,n growing from the vector D m,n V ∆ , which themselves satisfy chain equations (4.4) with ∆ m,n substituted for ∆. We have the residue formulas
m,n C e (∆ m,−n , x)D m,n , m, n odd, (4.11) for the chain C(∆, x) and
m,n C e (∆ m,−n , x)D m,n , m, n odd, (4.12) for the complementary chain C(∆, x). Here,
where the degree p e,o (m, n) = deg P (e,o) m,n (x) of the "fusion polynomials" [19, 20] in the numerator,
(the notation {1 − m, 2, m − 1}, for example, means "from 1 − m to m − 1 with step 2," i.e., 1 − m, 3 − m, . . . , m − 1), coincides with the number of multipliers in products (4.14), p e,o (m, n) = mn/2 for m, n even,
The denominator in (4.13) is related to the norm of the "quasisingular" vector D m,n V ∆ , which was explicitly evaluated in [12] ,
These simple analytic properties are inherited by superconformal blocks (4.1) and (4.2). The poles of C e,o (∆)V ∆ become the poles of the blocks, the residues being evaluated similarly (we suppress the external dimensions in the arguments of the blocks for compactness)
F e (∆ m,−n , x) for m, n even, F e (∆ m,−n , x) for m, n odd,
where 
Hence, the residues at the poles of the conformal blocks as functions of the central chargeĉ are also completely determined:
F e (ĉ, ∆ + mn/2, x) for m, n even,
F o (ĉ, ∆ + mn/2, x) for m, n even, F e (ĉ, ∆ + mn/2, x) for m, n odd,
Relations (4.4) are simplified for c = ∞ and can be solved explicitly:
taken into account, this leads to expressions for the asymptotic values of F e and F o in terms of hypergeometric functions:
It is hence clear that we can write the following relations for the conformal blocks F e and F o :
We can expand F e and F o in x by iterating Eqs. (4.27):
Using recursive relations (4.27), we easily find the first few terms of the series expansions:
29)
Further coefficients are also accessible as a solution of (4.27). But it turns out that another recursive representation for the conformal blocks is more convenient from the practical standpoint. We consider it in the next section.
q-Recursion construction for the four-point correlation function
We can use the analytic properties of the superconformal blocks in ∆, described in Sec. 4, to write a more convenient "elliptic" recursive representation. For this, we must know the asymptotic behavior of the superconformal blocks in the limit ∆ → ∞. At the moment, we are not able to derive this behavior from general principles, but with differential equation (3.5) in hand, we can calculate the series expansions of the degenerate superconformal blocks up to a high order in x. Based on this calculation, we conclude that the asymptotic behavior is similar to the asymptotic behavior in the previous case [2] :
where we introduce the "elliptic" blocks H e,o (∆, q). The elliptic parameter is q = exp(iπτ ), where
The asymptotic behavior of H e,o is independent of the internal conformal dimension ∆:
and
The elliptic blocks satisfy the relations 5) where the residues are simply
(5.6) Relations (5.5) allow recursively evaluating the series expansions of the elliptic blocks in q,
where again H e (∆, q) expands in nonnegative integer powers of q and H o (∆, q) expands in positive half-integer ones. Relations (5.5) give are coefficients in the q-expansion of the corresponding asymptotic forms (5.3). The power series in q for the "elliptic" blocks converge for |q| < 1, i.e., on the whole covering of the x plane with three punctures. With structure constants (2.7) and the superconformal blocks known, we can now write the universal construction for four-point function (2.6):
and ∆ P = Q 2 /8 + P 2 /2. The crossing symmetry leads to the nontrivial relation in terms of the auxiliary function H H â 1 a 3 a 2 a 4 τ,τ = (ττ )
Using the numerical algorithm based on the elliptic representation of the blocks, we have verified this relation for the external parameters a 1 = a 2 = a 3 = a 4 = Q/2 and for different values of the parameters b and τ . Taking terms up to the order q 6 in the power series for H e,o (q) into account, we obtain a wide range of distances where the results differ in the fifth digit, and the convergence improves as the expansion order increases.
Discussion
We have analyzed the NS sector of the N=1 supersymmetric Liouville field theory. We obtained the four-point correlation function W V V V , involving one "top" component W of a primary supermultiplet, while the others are "bottom" components. This is one of the four basic spinless four-point correlation functions in the theory. Another correlation function V V V V , involving only the "bottom" components V , was recently considered in [2] . The other two basic correlation functions V V W V and W V W V , are constructed in term of the corresponding superconformal blocks (4.5),(4.6) and (4.7),(4.8) in the same way as it was discussed in this paper for the correlation function W V V V . All other spinless four-point functions involving top and bottom supermultiplet components are expressed in term of these four functions using superprojective Ward identities.
Our analysis generalizes the approach developed quite long ago in [21, 22] for the ordinary CFT. The construction involves the corresponding four-point superconformal blocks, for which an efficient recursive calculation procedure was offered. This approach is based on knowing the asymptotic properties of the conformal blocks in ∆. A straightforward derivation requires a separate investigation and is the subject of a future report. But with the additional assumption about the general structure of this asymptotic behavior, we could recover its explicit form by analyzing the degenerate case and the corresponding differential equation. We verified our assumption up to the order q 20 . Remarkably, the asymptotic behavior of the superconformal blocks is the same as that considered in [2] for another correlation function. Apparently, all four basic correlation functions have the same asymptotic properties.
Of course, to complete the analysis of the four-point sector in the super Liouville field theory, the analogous research should be done for the Ramond sector of the theory. We hope that the methods discussed here will help in considering minimal supergravity, where, in contrast to the bosonic analogue for which the matrix model approach is known, it will be the only way to calculate numerically.
The next standard step is to use supercurrent Ward identities. We deform the integration contour C z = − k C k (permutations of the superfields do not affect the sign of the whole expression), and taking the OPE written in the supersymmetric form
